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Abstract 
Stress state of structural member has a significant effect on its dimensions and must be included in the design of 
member. The proposed paper is directed to distribution of normal stress in thin-walled members with open cross-section due 
to special case of temperature load. The paper concentrates on analysis of stress state of some types of thin-walled 
members; data are used in setting both of axial forces, bending moments a and of bimoments too. 
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1. Introduction 
A research of behaviour of metal beams with open cross-section was launched recently at the Institute of 
Metal and Timber Structures of Faculty of Civil Engineering of Brno University of Technology. The beams are 
loaded by non-uniform temperature difference. Object of the first phase of this research is a finding of 
relationship between stress state (and strain state) of metal beam (and his mathematical description) and 
temperature difference acting on selected extreme fibres of beam only [1]. It is needed find a general procedure 
of the analysis of the metal beam. Usually solved problems of symmetric beam loaded in the plane of 
symmetry (see Fig. 1b), 1d)) represent special cases of this issues thus. 
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2. Hypothesis of origination of warping torsion 
We will focus in this paragraph on an analogy between different cases of loading of beams – the beams are 
loaded either by longitudinal forces or by temperature difference (as will be explained below). 
 
We consider a) simply supported beam loaded by centric axial force and his response to this loading (see 
Fig. 1a)). The deformations component elongation (contraction) ux occurs in this case only, the internal force 
axial force N occurs only. The same strain state occurs by corresponding load by constant temperature 
difference in whole cross-section along whole span (see Fig 1b)) – under the identical boundary conditions; the 
same stress state occurs by the selfsame load – but both ends of the beam are fixed. 
 
We consider b) simply supported beam with singly-symmetric cross-section at least loaded by longitudinal 
flexure in the plane of symmetry and his response to this loading (see Fig. 1c)). The deformations components 
elongation (contraction) ux, rotation φy and deflexion uz occur in this case; the internal forces axial force N and 
bending moment My occur. Tension (compression) beam according to a) is special case of flexed beam 
according to b) evidently. The same strain state (in the case b)) occurs by corresponding load by temperature 
difference of the all top and bottom extreme fibres of the beam (in the plane of symmetry) – under the identical 
boundary conditions; the same stress state occurs by the selfsame load – but both ends of the beam are fixed. 
 
Fig. 1. The metal beams loaded by longitudinal force and by temperature difference 
We consider at last c) simply supported beam with general open cross-section loaded by tensile 
(compressive) force. Point of application is not member of main centroidal axes, point of application is not 
identical with main zero point of sectorial co-ordinates (see Fig. 1e)). The deformations components elongation 
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(contraction) ux, rotations φy, φz, deflections uz, uy, twist φx and warping θ occur in this case; the internal forces 
axial force N, bending moments My, Mz and bimoment B occur (the sum of St. Venant torsion component Tt and 
warping torsion component Tω is equal zero). Flexed beam according to b) is special case of twisted beam 
according to c) evidently, see [2], [3]. We assume the hypothesis that a similar strain state (in the case c)) 
occurs by load by temperature difference of corresponding extreme fibres of the beam (constant along whole 
span (see Fig. 1f)) – under the identical boundary conditions; a similar p the same stress state occurs by the 
selfsame load – but both ends of the beam are fixed. 
 
Fig. 2. Arrangement of the cross-sections and his load 
3. Numerical analysis 
The numerical analysis of stress state of selected metal beams with open cross-section was done for the 
primary verification of hypothesis in paragraph 2. How warped cross-sections so non-warped cross-sections are 
chosen. Objects of numerical analysis are straight prismatic beams with I, U, Z and T section – made from hot 
rolled steel (see Fig. 2, see Table 1 too). Supporting of both ends is non-adjustable fixation – but the free 
transverse contraction is possible. The span is L = 5 m, load by temperature difference ΔT = 40 °C is introduced 
in the extreme fibres according to Fig. 2. Program system ANSYS 10.0 was used to solution of this problem; 
objective beams are modeled using three-dimensional 6-wall 8-node elements 3-D THERMAL SOLID 70 and 
3-D STRUCTURAL SOLID 45. The analysis consists from two steps – 1) analysis of temperature distribution 
in cross-section and in beam based on the stationary heat conduction in structural material (so-called thermal 
analysis), 2) analysis of stress state and strain state according the given temperature distribution (so-called 
structures analysis). Results of numerical analysis are on the Fig. 3, the discussion is in the paragraph 4. 
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Fig. 3. The temperature distribution in the cross-sections 
4. Results and their discussion 
 
Numerical problem in paragraph 3 is chosen so we can assume one-dimensional stationary heat conduction 
along the centreline of the cross-section; heat conduction is given by the heat flow – constant along the length 
of beam. Stress state distribution along the length of the beam is constant according this assumption too. The 
results of the numerical analysis confirm this assumption. We will focus on the evaluation of the stress state of 
cross-section in the middle of the span of solved beams. The normal stress σx diagram is on Fig. 4i) to 4l). 
Internal forces are given by equations 
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where A is cross-sectional area, z, y are main cartesian co-ordinates, ω is main sectorial co-ordinate, dA is an 
element of cross-sectional area, σx is normal stress. Table 1 includes values of internal forces according to (1). 
The hypothesis of origination of warping torsion holds for I and U sections, because values of bimoments do 
not equal zero. It is interesting that the bimoment in Z section does not act; it is interesting too that the U 
section is loaded by uni-axial flexure only. The following problem is important. Mathematical description of 
stress state using internal forces according to (1) does not full. If we calculate value of normal stress σx for all 
points on the centreline of the cross-section according the equation 
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(where A is cross-sectional area, Iy, Iz the second moments of area and Iω warping constant) then the normal 
stress diagram is different from the diagram on Fig. 3 – for I and T sections, see Fig. 4a) to 4d). Differences of 
the normal stress diagrams are on Fig. 4e) to 4h). These findings show that the mathematical description of 
warping torsion by selected case of load by temperature difference does not given by the main sectorial co-
ordinates ω – it is necessary to introduce generalized co-ordinates of warping of cross-section φ – the 
orthogonality condition must be satisfied for the generalized co-ordinates of warping [2] 
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Table 1. Values of geometrical properties and values of internal forces for objective cross-sections 
Profil I U Z T 
A (mm2) 1,920 · 103 1,680 · 103 1,560 · 103 1,440 · 103 
Iy (mm4) 9,557 · 106 8,021 · 106 6,143 · 106 2,160 · 106 
Iz (mm4) 682,7 · 103 784,6 · 103 244,8 · 103 864,0 · 103 
Iω (mm6) 4,369 · 109 3,540 · 109 2,277 · 109 0 
N (N) – 48,38 · 103 – 84,67 · 103 – 78,62 · 103 – 47,17 · 103 
My (Nmm) – 2,819 · 106 – 4,199 · 106 – 2,825 · 106 – 834,6 · 103 
Mz (Nmm) – 430,1 · 103 0 – 73,32 · 103 – 725,8 · 103 
B (Nmm2) – 34,41 · 106 – 9,936 · 106 0 0 
 
 
Fig. 4. The stress state of the cross-sections in MPa 
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It is necessary to set a generalized geometrical property of cross-section Iφ according co-ordinates φ for the 
analysis of the beam [2]. These findings show that the diagram of co-ordinates φ: 
x for I section is given by the sum of sectorial normal stress according main sectorial co-ordinates and 
additional normal stress according to Fig. 4e), 
x for U section is equal to main sectorial co-ordinates ω, 
x for Z section equals zero, 
x for T section is given by additional normal stress according to Fig. 4h). 
x  
The findings can be explained as follows. The temperature gradient in cross-sections without branches (U 
and Z section) is constant along the centreline, but in cross-sections with branches (I and T section) is constant 
along the centreline parts only. 
5. Conclusion 
The proposed paper deals with question of acting of warping torsion of metal beams by temperature load. 
Primary notes on the solution of this problem are presented. The author of the paper focuses on an 
improvement of methods of analysis of metal beam loaded by temperature difference soon. It would be 
appropriate to introduce concise description of the heat conduction (two-dimensional, three-dimensional). It 
should be considered more general cases of temperature load (e.g. variable value of temperature along the 
length of the beam etc.). Experiments are an important and irreplaceable source of knowledge of actual 
behaviour of metal beams loaded by temperature difference – experiments are being prepared currently. 
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